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Adaptive Finite Element Method for Thermal
Flow Problems

Dominique Pelletier,* Jean-Frangois Hétut and Florin Ilincaf
Ecole Polytechnique de Montréal, Montréal, Quebec, H3C 3A7, Canada

This paper presents an adaptive finite element method based on remeshing to solve incompressible viscous flow
problems including heat transfer effects by forced or free convection. Conjugate heat transfer problems are also
considered. Solutions are obtained in primitive variables by an Uzawa algorithm using a highly accurate finite
element approximation on unstructured grids. Two error estimators are presented and compared on problems
with known analytical solutions. The methodology is then applied to a problem of practical interest and predic-
tions are compared with experimental measurements and show very good agreement.

Nomenclature
¢ = specific heat
e = eITor
f = body force
g = gravity vector
h = element size
J(*) = energy functional
= thermal conductivity
= outward unit vector
= pressure
= heat source
= temperature
= velocity vector
= test function
= volume expansion coefficient
= element size for new mesh
= strainrate tensor
= relative error
= viscosity
= density
= stress tensor
= gradient
= divergence
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Subscripts

av  =average
d,B =boundary
oo = reference value

Introduction
DAPTIVE finite element methods provide a powerful ap-
proach for tackling complex computational fluid dynamics
problems. They provide a framework for optimizing several as-
pects of the computational process. For instance, grid points are
clustered in regions of rapid solution variation to improve accu-
racy. This is done in such a way as to result in a uniformly accurate
solution throughout the domain. The adaptive process is also cost
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effective in the sense that the best numerical solution is obtained at
the least computational cost. Moreover, such approaches provide
flexibility in modeling and algorithm development and can, at least
in theory, provide quantitative measures of the accuracy of the so-
lutions computed.

Initial breakthroughs were achieved in aerodynamics because of
the pressing need for accurate computations of shockwaves.!
However, little work has been done for incompressible flows and
even less for thermal flow problems. Proof of concept computa-
tions were reported in Refs. 2 and 3. However these papers did not
address the issue of quantitative assessment of the proposed meth-
ods. This paper presents an extension of the authors' previous work
on adaptive remeshing to thermal flow problems.*® The method is
based on adaptive remeshing coupled to a finite element solver for
steady-state incompressible flows including heat transfer effects.

The paper is organized as follows: First the equations of motion
and the finite element solver are reviewed. The methodology sec-
tion describes the two error estimators and the adaptive remeshing
strategy. The methodology is validated on problems with known
analytical solutions. The method is then applied to free convection
in a square cavity and in a partially divided enclosure for which
measurements are available. The paper closes with a conclusion.

Finite Element Solution Algorithm
Equations of Motion
The flow regime of interest is modeled by the Navier-Stokes
equations with the Boussinesq approximation:

pu-Vu = -Vp+V.- 6+ f—pgB(T-T.)
V-u=20
pc,u- VT = V- (kVT) +2Ue(u) : e(u) +g,

where the stress tensor o, and the strainrate tensor € are defined by

o =2ue(u) = u{Va+ (Vu)'}

Appropriate boundary conditions complete the statement of the
problem

u=u onl,

2ue(u) - n—pn=1 onT,
T=T, onI;,

kVT - n=gq, onl,
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Finite Element Solver

The starting point for the finite element solver is the weak or
Galerkin form of the equations of motion. The preceding equations
are multiplied by an appropriate test function and diffusion terms
are integrated by parts over the domain. The resulting variational
form is given by:

(pu-Vu,v) +a(u,v) — (p,V-v) + (pgBT,v)
= (f,v) + (pgBT..,v) + (i, v)
(¢.V-u) =0

(pcpu-VT, wy+ d(T,w) = (t:e,w) + (g, w) +{gzwW)

with
a(u,v) =J.2ue(u) 1e(v) dQ
Q
d(T,w) = jkVT.deQ
Q
(i, v) = [2ue(u)- n~pn]-vds+ t-vds
IK\T, KT,
{gp. W) = J. (kVT) - nwds = qpw ds

OK\T KNI
q q

The seven-node Crouzeix-Raviart triangular element, with en-
riched quadratic velocity interpolation and discontinuous linear
pressure approximation, is used to discretize the equations of mo-
tion (see Ref. 4). Temperature is approximated by quadratic poly-
nomials. The pressure degrees of freedom are treated by an aug-
mented Lagrangian formulation which eliminates pressure as a
primary unknown. The only remaining unknowns are the velocity
components and temperature. The finite element equations are as-
sembled in a compacted skyline format and linearized with New-
ton's method. The resulting sparse linear system of equations is
solved by Gaussian elimination.

Adaptive Methodology
Generalities

Most adaptive methods assess the quality of an initial solution
obtained on a coarse mesh by using some form of error estimation
and modify the structure of the numerical approximation in a sys-
tematic fashion to improve the overall quality of the solution.
There are several ways of achieving adaptivity: P methods in-
crease the degree of polynomial approximations for improved
accuracy’; R methods relocate grid points in regions of rapid
change of the solution,® and H methods proceed by either mesh en-
richment or remeshing.!*

A variant of an H method, called adaptive remeshing, has been
retained because it provides the greatest control of element size
and grading to accurately resolve flow features such as shear and
thermal layers, stagnation points, jets, and wakes. In this approach
the problem is first solved on a coarse grid to roughly capture the
physics of the flow. The resulting solution is then analyzed to de-
termine where more grid points are needed and an improved mesh
is generated. The problem is solved again on the new mesh using
the solution obtained on the coarser mesh as an initial guess. This
process is repeated until the required level of accuracy is achieved.

Remeshing also offers an elegant and simple approach to over-
come some of the obstacles specific to incompressible viscous
flows. For instance, the best proven finite element approximations
can be selected based on their convergence and accuracy proper-

ties.>10 This circumvents the problem associated with P methods -

of satisfying the so-called Ladyzhenskaya-Babuska-Brezzi (LBB)
compatibility condition between the velocity and pressure approxi-
mations. It also eliminates the hanging node problem encountered
in some H refinement methods.’

Error Estimation

This section describes two error estimation techniques for as-
sessing the accuracy of the solutions obtained by the finite element
solver.

Projection

This approach was first introduced by Zienkiewicz and Zhu!!
and involves post processing of the stresses and strains. For iso-
thermal incompressible flows, this estimator can be derived from
the variational principle for Stokes flow which consists in finding
a velocity vector U which minimizes the dissipation energy:

JO) = [0, +U,)  U,+U,) dv = orede

If U, and U,, are the approximate and exact solutions, respec-
tively, the dissipation energy of the error can be computed by eval-
vating

J(E) = ‘I(Uh—Uex) = J.(Gh—cex) : (eh_eex) dx

Unfortunately, the exact solution is not available in cases of
practical interest. However, it has been shown that the exact
stresses and strains can be replaced by a continuous least-squares
approximation. See Ref. 12 for details. This estimator has proven
useful because its sensitivity to high strains allows for automatic
detection of boundary layers and stagnation points.*>

This estimator does not include the effects of pressure and tem-
perature. However, it is a simple matter to generalize the estimator
to properly treat thermal problems. The pressure and temperature
gradients being discontinuous, their least-squares projection into
the space of velocity interpolation functions is easily computed.
The pressure and temperature contributions to the error are given
by

ei = Py Py

de;, T, T,

9x  9x  ox
where the “ ~” denotes a least-squares projection.

The combined norm of the velocity, pressure, and temperature
errors is then computed as follows:

Y
I p. Tl = {nuuz+npn3+ v vT}

where

Y
lul; = {J.Q4u28(u) e (u) dQ}

Y2
Iplo = { Jal plde}

Incorporation of pressure terms in the error estimator was
shown to play a critical role in obtaining accurate predictions of re-
attachment point flows. For such cases velocity gradients are small
and pressure variations control the flow.’

Local Partial Differential Equation Problem for the Error
This approach provides estimates of the error without having to
solve the global least-squares problems required for the Zhu esti-
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mator. Partial differential equations (PDE) and their weak forms
for the velocity, pressure, and temperature errors can be derived
directly from the Navier-Stokes equations>12:

a(e’, vy — (e’ V- v) + (pgBe”,v) = —a(u,v)
+ [f—pu,- Vu,—pgB(T,—T.),v,] + (p, V- vp)

+([2ue- n—p,nl Vi) + <i’vh>akr\l‘[

(qha V ) eZ) = (q’ V : uh)
T .
dley,w,) = (q,—pcyu,- VI, +2ue:¢e,w)

=d(T ), wp) +{qp Wiy nrp+ ([EVT, - n] " W>ak\r
q

The terms in parentheses on the right-hand sides represent the
element residual, a measure of the accuracy of the finite element
solution inside an element. The terms in brackets are the average
momentum and heat fluxes across element faces. The difference
between this average value and the raw fluxes computed on the
face of the element reflects how well the solutions on two neigh-
boring elements are matched. The second equation is a measure of
mass conservation.

This variational problem is discretized locally on each element.
Velocity and temperature errors are approximated with three quar-
tic bubble functions associated to the midside nodes of the triangle.
The pressure error is approximated with an appropriate bubble
function. This results in small 10 X 10 systems of equations which
are inexpensive to solve.® The norm of the combined errors is
computed using the same norm used in the projection error esti-
mate.

Adaptive Remeshing
There remains one key issue to discuss: how does one exploit
the knowledge of the error distribution to design a better mesh?
The adaptive remeshing strategy is straightforward and follows
that proposed in Ref. 1, and proceeds as follows:
Step 1) Generate an initial mesh.
Step 2) Compute the finite element solution.
Step 3) Compute error estimate.
Step 4) If (global error < tolerance) then
- stop
else
- Compute grid density from error estimate
- Generate an improved mesh according to grid
density
- Interpolate current solution on new mesh
- Go to Step 2
end if.
We now provide details on some of the steps of this algorithm.
Once the finite element solution has been obtained, the error on
each element is computed using one of the previously described
estimators. The global norms of the solution and the error are com-
puted as follows

lew ! = 2||€kl|2

so that the relative error can be evaluated.
2
n = few|*/1U]

There remains to compute the element size for the improved
mesh so that elements are smaller in regions of large error and big-
ger in regions where the solution is already accurate. This is

achieved by requiring that the improved mesh be optimal (i.e., that
all elements have the same average error ¢,,). Now, given a target
relative error 1), , the total and average error can be related as fol-
lows:

i

el = n, =
lewl =m0

Finally, an expression for element sizes can be derived from the
asymptotic rate of convergence of the finite element approxima-
tion which relates the error to some power k of the element size h:

lell = ci*

This can also be written for the target error:
k
lea) = <8

These two equations can be solved for the required element size:

n U717
5 - [ntu u} \
llell/n
which is then used as the grid density in the advancing front mesh
generator to generate an improved mesh.

Validation
The two error estimators are first compared on simple flow
problems for which an analytical solution is known. This provides
controlled conditions to validate the proposed adaptive strategy
and assess its computational performance.

One-Dimensional Thermal Boundary Layer
For this problem the analytical solution was taken to be:

u=1-y?
v=0
p=x

T = [cosh(a) — cosh(ay)]/[cosh(a) — 1]

The constant a controls the thickness of the thermal boundary
layer. In this problem only the temperature field will contribute to
the error since the finite element approximation provides an exact
representation of the velocity and pressure fields. The problem is
solved on the unit square. The adaptive strategy is set to reduce the
computed error by a factor of three at each cycle. Tables 1 and 2

Table 1 One-dimensional case, projection estimator

Number of  Number of
Mesh nodes elements  Error estimate  True error
0 347 106 0.03327 0.1070
1 587 187 0.009959 0.03079
2 1135 361 0.006189 0.01412
3 1589 514 0.003254 0.007732

Table 2 One-dimensional case, local problem estimator

Number of  Number of
Mesh nodes elements  Error estimate True error
0 347 106 0.09737 0.1070
1 421 134 0.02924 0.04832
2 945 306 0.01264 0.01831
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Solution
no
0.1473
0.1477
0.1480
Solution
norm
0.1473
0.1494
0.1480

Error
estimate
0.0005358
Error
estimate

local problem
0.0006204

0.0003718

0.0001094
0.0003536
0.00009115

Number of
elements
320
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1368
Number of
elements
320
490
1962

Table 6 Square cavity,
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0.02435
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True error

Error estimate
0.006162
0.004506
0.002931
0.0009619

Error
estimate
0.01734
0.01472
0.00478
0.00258

Number of
elements
36
101
300
487
Number of
elements
36
79
163
344

nodes
89
226
647
1038
Table 4 Two-dimensional case, local problem
Number of
nodes
89
178
356
731

Table 3 Two-dimensional case, projection estimator
Number of
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Fig.1 Final mesh for two-dimensional boundary layer.
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Fig.3 Enclosure: a) mesh, b) streamlines, ¢) temperature, and d) vor-

ticity.

Fig. 2 Cavity: local problem approach: a) mesh, b) streamlines, c)

temperature, and d) vorticity.
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illustrate the performance of the adaptive strategy for both the pro-
jection and local problem error estimators. As can be seen, both
the true error and its estimate are reduced at each cycle.

Two-Dimensional Thermal Boundary Layer
A more realistic flow problem is obtained by taking

u=1-exp(®)
p=x
& =y [Up/(v0)]'2

T = [cosh{a) — cosh(ay)]/[cosh(a) — 1]

The similarity variable & produces a velocity field that closely
resembles that of a boundary layer on a flat plate. The temperature
exhibits a thin thermal layer in the freestream. This test case re-
tains many nonlinear terms present in the Navier-Stokes equations,
thus providing a more stringent test for the error estimators. This
problem offers a further challenge for the adaptive strategy be-
cause the error estimators should automatically detect the two
boundary layers.

Tables 3 and 4 show that both error estimators drive the adapta-
tion process to reduce the error at each cycle. Figure 1 illustrates
the mesh designed by the projection method at the third cycle. One
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Fig. 4 Enclosure: velocity at x/k = 0.25 (top), velocity at x/k = 0.75
(bottom).

can clearly see that element sizes reflect the thickening of the hy-
drodynamic boundary layer on the bottom wall as one proceeds
from left to right. The thermal boundary layer on the top of the do-
main is of constant thickness by design and one can see that the
adaptive process produces a fairly uniform grid in that region.

In summary, the adaptive strategy performs well. Both error es-
timators ensure a reduction of the true error at each cycle so that
the solution accuracy improves steadily at each adaptation cycle.

Applications
This section presents application of the error estimators to more
complex problems. The adaptive strategy was set to attempt a re-
duction of the error by a factor of three at each cycle. The adaptive
procedure is fully automatic and requires no user intervention.
Both error estimators lead to very similar results. Hence, only one
set of plots is presented for each problem.

Free Convection in a Square Enclosure

This is a classical test case for free convection. The top and bot-
tom walls are adiabatic, the left one is hot and the right one is cold.
Calculations were performed at a Rayleigh number of 107. Tables
5 and 6 show the behavior of the adaptive process with the projec-
tion and local problem estimators. As can be seen both estimators
behave similarly initially. Error estimates, solution norms, and
mesh characteristics are comparable. Differences appear in the
mesh at the second cycle for which the local problem approach
produces a somewhat more refined mesh.
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Fig. 5 Enclosure: velocity at x/h = 1.1 (top), velocity at x/h = 1.25
(bottom).
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Fig.7 Enclosure: jet predictions.

Figure 2 shows typical mesh, streamlines, isotherms, and vortic-
ity contours obtained after the second cycle of adaptation. While
vorticity is physically continuous, its values computed from the fi-
nite element approximation are discontinuous across element
faces. As the mesh is adapted and refined the discontinuous vortic-
ity contours should tend towards solid continuous lines. As can be
seen from Fig. 2, vorticity contours are nearly continuous indicat-
ing that the adaptive process behaves properly. The mesh, stream-
lines, isotherms, and vorticity contours present a remarkable level
of symmetry with respect to the center of the cavity, farther con-
firming the physically realistic behavior of the proposed adaptive
strategy. Finally, velocity and temperature profiles compare very
well with the most reliable data available in the literature.

Free Convection in Partitioned Enclosure
This computation reproduces the experimental conditions of
Chen et al.'® The partition and the top and bottom walls are insu-
lated. The left and right walls are maintained at a hot and cold tem-
perature, respectively. Computations were performed at a Ray-
leigh number of 10° for which measurements are available. Note
that it is assumed that the polyacrilate partition behaves as an adia-
batic wall while in fact heat is conducted through the partition.
Figures 3 shows the final mesh, streamlines, isotherms, and vor-
ticity contours obtained after three cycles of adaptation. As can be
seen, grid points were clustered in the vertical boundary layers and
around the partition corner where the fluid is highly accelerated.
Figures 4 and 5 compare predictions of axial velocity with the
measurements of Chen along four vertical stations. As can be seen,
predictions are in excellent agreement with measurements at x/H
=0.25,0.75, and 1.25. At the x/H = 1.1 station, the predictions are
good for the reverse flow on the bottom wall (y/H < 0.25). Predic-
tions miss the high velocity peak near the tip of the partition and
overpredict the velocity in the boundary layer along the top wall.
The simulation was redone to include heat conduction in the
solid partition to determine if the adiabatic condition of the parti-
tion is responsible for the poor predictions of the jet near the tip of
the partition. Figure 6 shows the mesh, streamlines, isotherms, and
vorticity contours obtained after three cycles. One can clearly see
differences in the streamlines and isotherms. However, compari-
son of velocity profiles with measurements did not show any dras-
tic improvements. Modeling of conduction in the partition did not
lead to any significant improvement in predictions at x/H = 1.1.
Finally, Fig. 7 compares predictions at x/H = 1.06 with mea-
surements taken at x/H = 1.1. This stunning agreement could hint
to uncertainty (3.5%) in the positioning of the traversing mecha-
nism used for taking the velocity measurements. However, it is not
possible to make a definite judgement because details of the exper-
imental procedure are not available.

Discussion

Results from the preceeding section illustrate the accuracy im-
provements achieved through adaptivity. The proposed methods
also results in a cost-effective solution algorithm that is well worth
the added complexity. In Ref. 5 the authors have shown that, for
isothermal flows, computation of the error estimate typically rep-
resents less than 8% of the cost of obtaining a solution on a given
mesh. Timing data from Ref. 5 also indicates that the adaptive
strategy offers a three- to fourfold reduction in CPU time when
compared to solving the problem directly on the fine mesh. Similar
results were obtained for the present class of flows, but space limi-
tation does not allow for presentation of detailed timing data.

The reader may also wonder if there is any advantage in using
one error estimator rather than the other. Numerical experiments
indicate that the projection estimator is less expensive than the
local problem approach except on coarse meshes. This can be ex-
plained by the fact that the least-squares matrix is nearly full on
coarse meshes and that its sparsity increases with each cycle of re-
finement. Furthermore, the projection matrix is the same for all
components of the diffusion fluxes. Hence the matrix can be fac-
tored once and for all and only forward and backward substitutions
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need be performed for each projection. This makes the projection
approach computationally more efficient than the local problem
approach. Finally, its implementation is straightforward.

On the other hand, the local problem for the error is derived di-
rectly from the differential equations and boundary conditions. It
embodies all of the mathematics and physics of the flow problem
being solved. Thus, this approach is more general and capable of
treating more complex problems and boundary conditions. This in-
creased generality is achieved at the expense of a more intricate
implementation. The error estimator is also slightly more expen-
sive.

Conclusions

An adaptive remeshing finite element procedure has been pre-
sented for solving complex viscous flows including heat transfer
effects by free or forced convection. The two proposed error esti-
mators have been shown to be reliable and convergent by solving
problems with known analytical solutions. The estimators are sen-
sitive to both hydrodynamic and thermal layers. The proposed
adaptive procedure has shown to be very robust. It can be used in a
nearly blackbox fashion with little or no intervention on the part of
the user. Finally, complex flows including heat conduction in im-
mersed solid bodies can easily be treated with the proposed meth-
odology.
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